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This paper presents a novel autonomous inertial relative navigation technique with a sight-line-stabilized

integrated sensor system for midrange (20–1 km) spacecraft rendezvous. A continuous-discrete six-state extended

Kalman filter is developed for this purpose. The integrated sensor suite onboard an active chaser satellite comprises

an imaging sensor, a coboresighted laser range finder, the space-integrated Global Positioning System/inertial

navigation system, and a star tracker. For high accuracy of the relative navigation, the Kalman filter state vector

consists of the inertial position and velocity of the client satellite governed by a high-fidelity nonlinear orbital

dynamics model. The error covariance matrix is formulated in terms of the estimation error in the relative position

and velocity of the client satellite, consistent with the sensor measurements. Inertial attitude pointing and rate

commands for tracking the client satellite are determined using the estimates of the client’s inertial relative position

and velocity. To estimate the inertial attitude of the chaser satellite outside the space-integrated Global Positioning

System/inertial navigation system, anew three-axis steady-state analytical attitude estimator is developed that blends

the gyro- and the star-tracker-measured attitudes. The simulation results of amidrange spacecraft rendezvous using

glideslope guidance validate this new six-state autonomous inertial relative navigation technique. The simulation

results show that the imaging sensor’s sight line can be stabilized at the client satellite inmidrange accurately enough

to enable the laser range finder to measure the range occasionally, but these measurements are not necessary for the

midrange rendezvous phase, because the extendedKalmanfilter can estimate the rangewith the anglemeasurements

of the imaging sensor.

I. Introduction

T HE principal objective of this paper is to present a sight-line-
stabilized integrated sensor system that enables novel

autonomous inertial relative navigation of a passive client spacecraft
for themidrange (20–1 km) phase of a spacecraft rendezvous. Bryan
[1] explains various facets of autonomous rendezvous and docking,
including its different phases and required sensors. The sensor suite
considered here is based on the scenario that the client spacecraft is
passive, disabled, or noncooperative, and so there is no cross-link
communication between the two satellites nor are there any optical
reflective geometry on the client satellite. As such, following [2,3],
the selected sensor suite is an integrated sensor system composed of
an imaging sensor with wide, medium, and narrow fields of view for
relative angle measurements, a coboresighted (or collimated) laser
range finder (LRF) for range measurement, and the space-integrated
Global Positioning System/inertial navigation system (SIGI) for the
active chaser satellite. A new autonomous relative navigation
algorithm that this sensor ensemble facilitates is formulated in an
inertial frame using a continuous-discrete extended Kalman filter
(EKF). To enhance accuracy of attitude estimates of the chaser
satellite, the SIGI Kalman filter is provided with star tracker
measurements of the inertial attitude of the satellite. For attitude
estimation outside the SIGI, a new three-axis steady-state attitude
estimator is developed that optimally blends gyro and star tracker
attitude measurements. The inertial relative position and velocity
estimates of the client satellite are used to determine the pointing and

rate commands for tracking. A three-axis attitude controller
stabilizes the imaging sensor’s sight line and coboresighted LRF at
the client satellite within the pointing-accuracy requirements.
Whereas the field of view of an imaging sensor is large (4 � 4 deg for
medium and 1 � 1 deg for narrow fields of view), the laser beam
width is merely �0:25 mrad (0.014 deg) and has very low
divergence (�0:25 mrad) [3]. Therefore, whereas the pointing
requirement to avoid jitter of the imaging sensor is loose, that for the
LRF is stringent (15–30 �rad). For accurate pointing, the imaging-
sensor boresight and the coboresighted LRF must be aligned very
carefully [2,3]. Because achieving this degree of alignment and
pointing stability is expensive, a secondary objective of this study is
to show that it is not necessary to measure the range for a midrange
(20–1 km) rendezvous, because it can be estimated from the angle
measurements under certain observability conditions [4,5].

The present proof-of-concept study differs from the studies and
flight tests of the past in several respects. Kawano et al. [6] illustrated
the use of relative Global Positioning System (GPS) and laser radar
navigation for the relative approach phase (from 10 km to 500m) and
final approach phase (from 550 to 2 m) of autonomous rendezvous
and docking of two engineering test satellites (ETS-VII). The
satellites were equipped with GPS receivers and cross-link antennas.
Similarly, Park et al. [7] developed a relative navigation Kalman
filter for rendezvous of the space shuttle with the wake-shield
facility, both vehicles having GPS receivers and the wake-shield
facility transmitting its receiver’s output to the orbiter; the electro-
optic sensors were not involved in this test. In their more recent
demonstration of theRendezvous and ProximityOperation Program,
Clark et al. [8] illustrated the benefits of their relative navigation
Kalman filter using an LRF when the two spacecraft were within the
range of a few hundred meters. Here again, because of the short
range, the pointing accuracy of the sensors was not a concern, and
relative navigation was based on simple linear relative dynamics in
the local-vertical/local-horizontal (LVLH) frame. Gaylor and
Lightsey [9] emulated the SIGI Kalman filter for operation in
proximity of the International Space Station, but they did not deal
with relative navigation or electro-optic sensors and their pointing.
Woffinden and Geller [10] formulated relative navigation using
angles only, but their study was for very close range (25 m) in which
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the target image nearly filled the sensor’s focal plane and estimation
of the target’s relative attitudewas important for docking. To sumup,
there does not appear to be a study or flight test in the past that
involved the sensor ensemble considered in the present study, with
the target as a point source, relative navigation in the inertial frame,
Kalman filter for estimating inertial attitude of the bus using gyros
and star tracker, SIGI for inertial navigation, and glideslope guidance
of the spacecraft from a range of 20 to 1 km relative to the client
spacecraft.

The layout of this paper is as follows. Section II presents the
overall architecture of autonomous inertial relative navigation for
midrange rendezvous using the integrated sensor system, a
continuous-discrete extended Kalman filter, pointing and rate
commands for tracking, a steady-state three-axis attitude estimator,
and a three-axis attitude controller. Section III presents the inertial
relative navigation formulation. The relative navigation is in the
inertial frame, not theLVLH frame, for the reasons explained therein.
The continuous-discrete EKF is developed for the inertial relative
navigation, and nonlinear orbital dynamics are employed to
propagate the inertial position and velocity estimates of the client
satellite. Using relative position and velocity estimates of the client
satellite, Sec. IV develops pointing and rate commands to track the
client with the integrated sensor package. Section V presents an
analytical three-axis steady-state attitude estimator to blend gyro
measurements with the star tracker measurements and produce the
optimal inertial attitude of the bus carrying the sensor package.
Section VI illustrates an application of the preceding inertial relative
navigation system to a rendezvous mission in which the chaser
satellite translates under glideslope guidance from an initial relative
position of�18,�8, and 10 km to a final position of�1, 0, and 1 km
in the client satellite’s LVLH frame. SectionVII concludes the paper.

II. Overall Architecture of Autonomous Inertial
Relative Navigation with Integrated Sensors

Figure 1 portrays the overall closed-loop architecture of the
autonomous inertial relative navigation of the client satellite with the
integrated sensor system composed of the SIGI, a star tracker, an
imaging sensor, and a coboresighted laser range finder. The SIGI

[11–13] provides the inertial position, velocity, attitude, and rate of
the chaser satellite bus at 50 Hz frequency. The imaging sensor
provides the azimuth and elevation of the point-mass client satellite
relative to the sensor’s focal-plane axes at 1 Hz frequency. If the
imaging sensor is pointed accurately enough (specified next), then
the laser range finder provides the range measurement of the client
satellite. The client satellite is a passive, disabled, noncooperative
satellite, with no GPS receiver or intersatellite communication
ability, and so the differential GPS cannot be used for relative
navigation. Instead, a continuous-discrete EKF is developed for this
purpose, which uses line-of-sight angles and, possibly, the range
measurements. The continuous part of the navigation filter is
implemented as 50Hz propagation of the state estimate consisting of
the client satellite’s position and velocity. Accuracy of the attitude
estimates from the SIGI is enhanced by using the star tracker
measurements [12] at 6 s intervals (1

6
Hz frequency). In Fig. 1 and

later in the simulation, the SIGI star tracker attitude estimation
process is emulated with a new three-axis steady-state attitude
Kalman filter developed in Sec. V, and it provides the attitude and
rate estimates for attitude control at 25 Hz.

Briefly, the closed-loop guidance, inertial relative navigation,
pointing and tracking system portrayed in Fig. 1 for rendezvous
operates as follows. The target is first acquired with an imaging
sensor using some acquisition methodology [3]. Whereas the
required pointing accuracy for the imaging sensor is not stringent,
that for the collimated LRF is 75 �rad per axis (1�) at a 10 km
distance. Any misalignment between the focal-plane boresight and
the LRF beam is precalibrated with precision (�20 �rad). Because
pointing accuracy of the imaging sensor is insensitive to its small
misalignmentswith the gyros and star tracker [14], thatmisalignment
is precalibratedwith lesser precision. The 1Hz azimuth and elevation
measurements are used along with the inertial attitude estimates of
the bus in the inertial relative navigation Kalman filter to estimate the
inertial position and velocity of the client satellite. Subtracting the
inertial position and velocity estimates of the chaser satellite from
those of the client satellite, the relative position and velocity
estimates of the client satellite are obtained, which are then used to
calculate the pointing commands and rates to track the client satellite.
The attitude of the chaser spacecraft is controlled and the sight line of
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the imaging sensor is stabilized with a proportional–integral–
derivative (PID) controller and reaction wheels operating at 25 Hz
[14,15]. The calculation of pointing error �e and its interesting rela-
tionship with the focal-plane azimuth- and elevation-angle measure-
ments (actually, their estimates) is revealed in Sec. IV. The
glideslope guidance law [16] determines the periodic �V firings
every 60 s to bring the chaser spacecraft closer to the client spacecraft
with an exponential decrease in its relative position and relative
velocity. The �V are measured by the three orthogonal acceler-
ometers of the inertial navigation system (INS), and the SIGI
determines the inertial position and velocity of the chaser satellite at
50 Hz. These are used in the continuous-discrete EKF to determine
the inertial relative position and velocity of the client satellite, as just
explained, at 50 Hz. Each of the preceding aspects of inertial relative
navigation is formulated and elaborated in the subsequent sections.

Although the LRF is coboresighted with the imaging sensor for
range measurement, [5] shows that as long as there is some relative
altitude between the two spacecraft, the in-track component of the
range is observable via the in-plane angle measurements. See
[4,17,18] for observability of the inertial position and velocity of the
spacecraft via inertial line-of-sight angle measurements. This will be
illustrated with simulation results in Sec. VI. Hence, a laser range
finder is not essential for range measurement until the distance
between the two satellites becomes too short (less than 1 km) to be
safe without it. At such close distances, though, the client satellite’s
image fills the focal plane of the sensor, and the pointing
requirements for both the imaging sensor and the LRF become
relatively loose and the attitude control becomes relative easy.

III. Six-State Relative Navigation of the Client Satellite
in the Inertial Frame

Our objective now is to develop a six-state continuous-discrete
extended Kalman filter to estimate the inertial position and velocity
of the client satellite relative to the chaser satellite. The formulation is
in the inertial frame, not the LVLH, for three reasons. First, a large
relative in-track distance of 20 km between the two spacecraft at an
altitude of 500 km is equal to an orbital arc of �3 mrad, which is
much larger than the imaging-sensor noise 0.07mrad (1�) for a point
target, and therefore a 3 mrad arc cannot be treated as a nominal
horizontal boresight of the imaging-sensor focal plane, and even
more so for the pencil laser beam. Second, at a 10 km relative range,
[19] shows that the linearization of even the spherical differential
gravity between the two vehicles causes significant navigation
errors. To illustrate the errors for low-altitude 100 min orbits,
consider a two-pulse rendezvous scenario in Fig. 2, in which a chaser
satellite is �18 km behind and 10 km below a client satellite at a
500 kmaltitude, and startingwith a guidance pulse at t� 0, it reaches
1 km behind the client satellite at the same altitude in 1800 s. In the
Earth’s spherical gravitation field (J2 � 0), the linearization of the

differential gravity �g �r0; r1� [see Eqs. (13) and (14)] introduces a e�g
estimation error, the three components of which are shown in Fig. 3.

We observe that ke�gk is�0:1 mm=s2 at t� 0 and it approaches zero

as the chaser approaches the client satellite. But even this minute e�g
error develops a relative position estimation error greater than 100m
in 1800 s, as shown inFig. 4 in the client satellite’s LVLH frame. This
error is open-loop in that it is in the absence of measurements and a
recursive estimation process; nevertheless, it suggests the
inadequacy of the linearized relative dynamics model. Con-
sequently, our use of this linearization for long distances in [16], in
retrospect, is an error.

The third reason is concerned with the Earth’s nonspherical
gravity. The error in Fig. 4 would be aggravated if the orbital
dynamics model ignores the most predominant J2 gravitational
acceleration, which causes regression of the orbital ascending node
and perturbs the satellite’s nominal position at twice the orbital
frequency. For example, for a 500 km altitude orbit with 46 deg
inclination, the average ascending-node regression rate is 1 �rad=s.
In 1800 s (a typical duration to decrease the in-track distance from 20
to 1 km), the ascending node regresses by �12 km on the average.

The attendant exact perturbations in the spacecraft position from the
ideal circular orbit would depend on its initial location in the orbit,
but the 12 km average nodal regression while the relative in-track
distance decreases from 20 to 1 km is clearly too significant to ignore
and to use the LVLH frame for relative navigation. (We have not
determined the relative position estimation error with J2, similar to
the error in Fig. 4, however.)

For these reasons, we use a geocentric inertial frame and a gravity
model that includes the J2 term to propagate the orbits of both
vehicles. The higher-order gravitational accelerations are ignored in
this study.

Some features of the continuous-discrete EKF for inertial relative
navigation of the client satellite presented here are different from its

Fig. 2 Trajectory of a chaser satellite with one initial pulse and its

estimate relative to the client satellite LVLH frame.

Fig. 3 Differential gravitational acceleration estimation error due to

linearization.

Fig. 4 Relative position estimation error due to linearization of the

spherical gravity field.
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textbook counterpart [20]. The azimuth and elevation angles are
related to the relative position of the client satellite. In the EKF
presented here, this relative position is obtained by differencing the
inertial positions of the two satellites, as stated earlier. Whereas the
chaser satellite’s inertial position estimate is provided by the SIGI,
the inertial position of the client satellite is estimated by the filter.
Thus, the system dynamics model in the filter consists of the orbital
dynamics of the client satellite, and the state vector is 6 � 1. In
contrast, the state vector of the standard EKF would involve orbital
dynamics of both satellites, and the state vector would be 12 � 1 as in
[4]. Further, because the measurements are related to the relative
position of the client satellite, the linearized measurement matrixH,
the transition matrix �, and the error covariance matrix P are all
related to the relative position vector, not to the inertial position. The
salient features of the present continuous-discrete EKF are
summarized next.

A. Six-State Inertial Relative Navigation Formulation

Figure 5 shows a client satellite and a chaser satellite in two
neighboring circular orbits. The radial vectors r1 and r0 from the
Earth’s mass center denote inertial positions of the chaser and the
client satellite, respectively, governed by the following equations in
the geocentric inertial frame:

�r 1 � g�r1� � a1 (1)

�r 0 � g�r0� (2)

where g is the total (spherical plus nonspherical) Earth’s

gravitational acceleration, and a1 is the acceleration of the chaser
satellite caused by the thrusters for guidance. The estimate r̂0 of the
client’s position in the inertial frame is governed by a similar
equation:

�̂r 0 � g�r̂0� (3)

This equation, rewritten in its first-order formwith the state vector

as �r̂0; _̂r0	, is used in the continuous-discrete EKF for the client
satellite’s state estimate propagation at 50 Hz. On the other hand, the
estimates of the chaser satellite’s inertial position and velocity, r̂1 and

_̂r1, are furnished by its SIGI, as stated earlier. An estimate of the
position and velocity of the client satellite relative to the chaser
satellite is then

‘̂� r̂0 � r̂1 (4)

_̂‘� _̂r0 � _̂r1 (5)

where ‘ stands for the line-of-sight vector of the imaging sensor
mounted on the chaser satellite bus. The associated estimation errors

in terms of the estimation errors in r̂1, r̂0, _̂r1, and _̂r0 are

~‘� ~r0 � ~r1 (6)

~_‘� ~_r0 � ~_r1 (7)

where the chaser navigation estimation errors ~r1 and ~_r1 are the SIGI
navigation errors.

Because the imaging sensor of the chaser satellite measures
azimuth and elevation angles of the client satellite at 1 Hz frequency
(the angles illustrated in Fig. 6 and explained in Sec. IV), and because
these measurements depend on the relative position vector ‘, not r1
and r0 individually, it is convenient to perform the measurement

updates of the relative vectors ‘̂ and _̂‘. TheKalman gainK is required
for this update, and its evaluation, in turn, requires the measurement
sensitivity matrix H and the error covariance matrix P. H will be
formulated subsequently [Eq. (23)]. The 6 � 6 error covariance

matrixP for the relative position and velocity estimation errors ~‘ and
~_‘ is defined as

P� E
~‘
~_‘

� �
� ~‘ ~_‘ 	

� �
(8)

and propagated at 50 Hz as follows:

P i��� ��Pi�1����T �Q (9)

where E�
� is the expectation operator, � is the 6 � 6 transition
matrix, and Q is the 6 � 6 process noise matrix. The discrete

propagation of P at 50 Hz is our replacement of the continuous
propagation ofP in the standard continuous-discrete EKF algorithm.

Markley [21] developed an easily computable 6 � 6 Cartesian
state transition matrix� as a function of the gradient matrixG of the
gravitational acceleration, evaluated both at the beginning and at the
end of the propagation interval (20 ms, presently). Because the

sensor measurements are used to update ‘̂ (and _̂‘) and the line-of-
sight vector ‘ originates from the chaser sensor at the inertial position
r1, the transition matrix � is evaluated at the estimates r̂1�ti�1� and
r̂1�ti� provided by the SIGI. Clearly, the navigation errors of the SIGI
influence the� and henceP. The process noisematrixQ, formulated

subsequently, accounts for these and other modeling errors. The
6 � 6 transition matrix � is given by [21]
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����r̂1�ti�; r̂1�ti�1�� �
�rr �rv

�vr �vv

� �
(10)

where ti�1 and ti are, respectively, the beginning and the end of the
current 50 Hz sample period, and

� rr � I � �2Gi�1 �Gi���t�2=6 (11a)

� rv � I�t� �Gi�1 �Gi���t�3=12 (11b)

� vr � �Gi�1 �Gi��t=2 (11c)

� vv � I � �Gi�1 � 2Gi���t�2=6 (11d)

where I is a 3 � 3 identity matrix, and Gi�1 and Gi are the gravity
gradient matrices evaluated at ti�1 and ti respectively. Markley [21]
furnishes the 3 � 3 gradient matrixG up to the J2 gravitational term,
and to conserve space, it will not be reproduced here. Montenbruck
and Gill [22] provide the gradient matrix of a much higher order for
high-fidelity simulations, though that will not be used in this study.

Digressing for a moment, note that if the change in the gradient
matrix from r̂1�ti�1� to r̂1�ti� is ignored (that is, supposeGi�1 �Gi)
and, further, if the second- and higher-order terms in�t are ignored
as well in submatrices (11), then the transition matrix� simplifies to

�� I I�t
Gi�t I

� �
� I6�6 �

0 I
Gi 0

� �
�t� I6�6 � A�t (12)

where I6�6 is a 6 � 6 identity matrix, and the definition of the 6 � 6
matrix A is apparent. The A is indeed the state-space matrix that
governs the linearized dynamics of the 6 � 1 relative state vector

�‘̂; _̂‘	. The second-order version of this approximate linear state-
space equation of the relative motion is

�̂
‘�G�r̂1�‘̂ � â1 (13)

where â1 is the estimate of the thruster acceleration a1. The exact
nonlinear counterpart of Eq. (13) is obtained from the estimation
version of Eqs. (1) and (2):

�̂
‘� g�r̂0� � g�r̂1� � â1 (14a)

� �g�r̂0; r̂1� � â1 (14b)

where �g�r̂0; r̂1� is the estimated differential gravity. When

linearized, �g�r̂0; r̂1� �G�r̂1�‘̂, as seen in Eq. (13). The estimation

error e�g, illustrated earlier in Fig. 3, is the difference between the

exact �g�r0; r1� and its linear approximationG�r1�‘ for the spherical
gravitational field (J2 and higher-order terms being zero).
Equation (14a) also reveals why this equation is not used directly
in the EKF and Eq. (3) is used instead: solving Eq. (14a) requires a
priori knowledge of the inertial positions r̂0 and r̂1, which comes
from the integration of Eq. (3) and the SIGI, respectively, but that
renders Eq. (14a) superfluous.

Returning to the state estimate updates at the time of sensor
measurements, the updates of the Kalman gain matrix and the error
covariance matrix P take place at 1 Hz, and the relative position and

velocity vector estimates are updated from ‘̂��� to ‘̂��� and _̂‘��� to
_̂‘���, respectively. Knowing the concurrent inertial position and
velocity estimates of the chaser satellite provided by the SIGI, the
inertial position and velocity estimates of the client satellite are
updated as follows:

r̂ 0��� � ‘̂��� � r̂1 (15a)

_̂r 0��� � _̂‘��� � _̂r1 (15b)

The recursive nonlinear propagation of these estimates then
continues with the integration of Eq. (3). It is also clear from the
preceding formulation that the SIGI navigation errors infiltrate the
client satellite’s position and velocity estimation process.

B. SIGI Navigation Errors of the Chaser Satellite: A Simple Model

A detailed accurate model of the SIGI navigation errors is not
available in public domain. Zubkow [12], for example, simply states
that the blended GPS/INS performance of the SIGI system in the
precise positioning service mode is 16 m spherical error probability
in position and 0:1 m=s in velocity and does not offer any model.
More details on the GPS errors can be gleaned from [22,23]. These
errors are partly due to the gyros and accelerometers and partly due to
the GPS system, both filtered by the SIGI’s internal tightly coupled
high-fidelity navigation Kalman filter. Misra and Enge [23] describe
the GPS navigation errors as consisting of biases and zero-mean
noises. The biases are due to the satellite clock errors, ephemeris
errors (3 m rms), and atmospheric propagation modeling errors (5 m
rms), changing slowly as theGPS satellites’ elevation angles change;
the zero-mean noises, on the other hand, are due to the receiver noise
and multipath of GPS signals (1 m rms). The combined user range
error is �6 m rms [23]. In this work, our intent is not to develop a
high-fidelity model of the preceding error sources. Instead, we will
represent the SIGI navigation errors simply with an aggregate model
as follows.

The position errors along the local-horizontal x and y axes are each
modeled as a first-order exponentially correlated Markov process,
following [24]. For example, the error along the x axis is

xe �Hdop�bx � �x� (16)

where bx is a bias error, �x is a random error, and the horizontal
dilution of precision Hdop � 1:2 [17,25]; bx and �x are each first-
order exponentially correlated Markov processes. For example, the
discrete version of the bias bx;i is governed by

bx;i � bx;i�1 exp���b�t� � wb;i�1 (17)

where 1=�b is the time constant of the process, �t is the sample
period (20ms, presently), andwb;i is the discrete white noise process
with variance equal to qb�t; qb is the power spectral density of the
continuous white noise of which wb;i is the discrete version, and
qb � 2�2b�b, with �

2
b being the variance of the bias bx. Presently,

these parameters are taken as �b � 5:1 m, and 1=�b is one-eighth of
the orbit period. The exponentially correlated random error �x is
modeled similarly, with the variance of the discrete white noise that
generates it equal to q��t, q� � 2�2���, �

2
� � �1:4 m�2, and

1=�� � 60 s. The vertical position error ze is modeled likewise:

ze � Vdop�bz � �z� (18)

where bz and �z are defined as bx and �x are, respectively, with the
same numerical parameters; the vertical dilution of precision
Vdop � 1:4.

The velocity of the satellite is measured by the Doppler shift of the
GPS signal frequency. Misra and Enge [23] show that the velocity
error could be modeled as a discrete white noise sequence in each
axis, with its standard deviation �v equal to 0:03 m=s in each axis.

Because the SIGI navigation errors contribute directly to the errors
in propagation of the relative position and velocity, the preceding
model of the SIGI navigation errors is used to develop a
corresponding process noise matrix Q. The 3 � 3 process noise

matrix Q
pos

corresponding to the position error in the local-vertical/

local-horizontal frame is

Q pos � qscalar � diag�qb � qn��t�H2
dop;H

2
dop;V

2
dop	 (19)

where qscalar is introduced to tune the filter. The 3 � 3 velocity
process noise matrixQ

vel
� qscalar � �2vI (I � 3 � 3 identity matrix).
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C. Focal Plane Angles and Range Measurements

Figures 5 and 6 illustrate relative geometry of the two satellites, the
focal plane of the imaging sensor, and the image of the client satellite
on the focal plane. Because of imperfect tracking, the client image is
at some nonzero azimuth and elevation angles relative to the focal-
plane center. Let the line-of-sight (LOS) vector ‘, expressed in the
sensor frameFs, have the components ‘FS � �xS; yS; zS	. The LOS
angle measurements at 1 Hz are thus related to the components of
‘: Azimuth:

�m � �� �� � tan�1�ys; xs� � �� (20a)

Elevation:

"m � "� �" � tan�1��zs; xs� � �" (20b)

These angles aremuch less than 1 rad for the target image to bewithin
the sensor track box. The quantities �� and �" are the zero-mean
random white noises corrupting the measurements, and their
standard deviations would increase as the distance between the two
satellites decreases. Using these measurements and the pointing
control system shown in Fig. 1, the integrated sensors may be
sufficiently accurately pointed at the client satellite so that the
collimated laser beam would impinge upon the client and determine
its relative range. The required pointing accuracy is about
10–100 �rad (1�) [3,26], depending on the relative range. The noisy
range measurement is modeled as

rm � k‘k � �r (21)

where �r is a zero-mean white noise. For updates of the line-of-sight

vector estimates and its rate from ‘̂��� and _̂‘��� to ‘̂��� and _̂‘���
with the preceding measurements, the usual 3 � 1 partial derivative
vectors @�=@‘, @"=@‘, and @‘=@‘ are thus derived in the sensor frame
and transformed to the inertial frame [24,27]:

@�

@‘F
I � CIs

@�

@‘
(22a)

@"

@‘F
I � CIs

@"

@‘
(22b)

@‘

@‘F
I � CIs

@‘

@‘
(22c)

where CIs � CIbCbs is the transformation matrix from the sensor
frame Fs to the inertial frame FI , CIb is the transpose of the inertial
attitude CbI of the spacecraft provided by the SIGI, and Cbs is the
transformation matrix from the ideal sensor frame Fs to the chaser
bus frame Fb. Clearly, the gyro and star tracker errors filtered
through the SIGI Kalman filter will influence the inertial relative
navigation Kalman filter performance. The linearized (3 � 6)
measurement matrix H associated with the measurement vector
z� ��m "m rm	T for updates of the Kalman gain matrix and the error
covariance matrix is

H�

�
@�

@‘F
I

�
T

�
@"

@‘F
I

�
T

03�3�
@‘

@‘F
I

�
T

2
6666664

3
7777775

(23)

where 03�3 is a 3 � 3 null matrix. Because the slopes on the right side

of Eq. (23) are computed with the estimated ‘̂ and the inertial attitude
estimate CIb of the chaser satellite, the SIGI navigation errors
influence the H matrix and thereby the estimation accuracy of the
navigation Kalman filter.

IV. Pointing Commands

A. Quaternion Commands

Figure 7 shows a client satellite and a chaser satellite in two
neighboring circular orbits. The local-vertical/local-horizontal frame
at the client satellite mass center is denoted asF0, and the one at the
chaser satellitemass center is denoted asF1. The pointing commands
are the attitude commands for the chaser satellite to orient its
imaging-sensor boresight to the client satellite. The sensor may be
somewhat misaligned from its ideal orientation relative to the chaser
satellite’s optic bench. Thesemisalignment angles are small (perhaps
less than a milliradian) and unknown and not of any particular
concern in this paper. Nevertheless, letFs andF

0
s be the ideal and the

misaligned frames of the sensor, respectively, and letCss0 transform a
vector in theF0s to the frameFs. In the misaligned frameF0s: x

0
sy
0
sz
0
s,

the boresight of the sensor is along the x0S axis and the objective is to
point the boresight at the client satellite. Let b be a unit vector along
the boresight axis. Then, in the frame F0s, b

F0s � �1; 0; 0	. This unit
vector is transformed to the chaser body frame Fb via the
transformation matrix Css0 and the transformation matrix Cbs; thus,
bFb � Cbs Css0 bF

0
s . On the other hand, the relative vector r10 from

the chaser center of mass to the client center of mass, expressed in an

inertial frameFI , is given by r
FI
10 ��r

FI
1 � r

FI
0 , where r1 and r0 are

both expressed in the frame FI. The imaging sensor is located at an
offset vector roff from the chaser center of mass (Fig. 7). Hence, the
line-of-sight vector from the focal-plane center of the chaser to the
client satellite is given by ‘� r10 � CIbroff . A unit vector u along
this line-of-sight vector is given by uFI � ‘=k‘k. The offset vector
roff is not accounted for in Sec. III, in which ‘� r10. This is
acceptable at long ranges, but as the range decreases, neglecting roff
introduces a bias error in the command angles and therefore it is

considered now. Knowing the estimate ‘̂ from the inertial relative
navigation filter of Sec. III, the unit vector uFI can be calculated now
in the inertial frame.

Assuming that the boresight unit vector bFb is initially aligned
with the xI axis of the inertial frame, the quaternion command qcI to
align bFb with uFI is given by [28,29]

qcI �
1�������������������������

2�1� b 
 u�
p

�
�
�b � u� cos�

2
� �b� u� sin�

2
; �1� b 
 u� cos�

2

�
(24)

where the subscript cI implies from the inertial frame to the
commanded chaser body frame; the vector part of the quaternion is
written first and then the scalar; and � is a roll angle about the
boresight or the LOS vector, used to orient the solar arrays of the
satellite normal to the sun. The angle � is not relevant in this paper;
therefore, for �� 0, qcI simplifies to

Fig. 7 Relative geometry of the two satellites and the imaging-sensor

focal plane.
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qcI � �b � u; 1� b 
 u	=
�������������������������
2�1� b 
 u�

p
(25)

If the inertial frame in Eq. (25) is replaced with the sensor frame
Fs, the quaternion command qcs then can be related with the small
azimuth and elevation angles on the focal plane shown earlier in
Fig. 6. The boresight (and laser beam) unit vector b in the sensor
coordinate frame is b� �1; 0; 0	, and the LOS unit vector u in the
same frame is u� �xs=r; ys=r; zs=r	, where xs, ys, and zs are the
coordinates of the client satellite relative to the chaser satellite in its
sensor frame. Applying Eq. (25), the quaternion command to align
the sensor boresight axis and the laser beam with the line-of-sight
vector ‘ is found to be

qcs �
�0; � zs=r; ys=r	

1� xs=r

� �� �������������������������
2�1� xs=r�

p
(26)

Linearizing the definitions of the azimuth and elevation angles in
Eq. (20) for small angles, the quaternion command (26) can be
approximated as qcs � ��0; "=2; �=2	; 1�, where xs � r and
j�ys; zs�j � xs. The focal-plane sensor measures these angles at
1 Hz frequency, as modeled in Eqs. (20). These 1 Hz measurements
are processed along with the 50 Hz gyro measurements and every 6 s
star tracker measurements by the inertial relative navigation EKF to

produce the line-of-sight vector estimate ‘̂ and the velocity estimate _̂‘
at 50 Hz in the inertial frame. These estimates are then used in
Eq. (25) to obtain the inertial quaternion commands (and rate
commands, derived next) at 10 Hz (Fig. 1) and to generate the focal-
plane angle estimates "̂ and �̂ at 25Hz. These estimates are the y and z
components of the 25 Hz attitude error signal �e in Fig. 1 for the PID
attitude controller. Note that the 1 Hz noisy focal-plane
measurements themselves are not enough to point the sensor with
the required accuracy at the client satellite.

B. Angular-Rate Commands

To stabilize the imaging sensor on the client satellite, the rate
command !cI is required, which is related to the inertial velocity of

the LOS vector _‘, which, in the chaser body frame Fb, is

_‘ Fb � CbI� _rF
I

0 � _rFI1 � � !bI � r
Fb
off (27)

and!bI is the inertial angular velocity of the chaser body frame.With
the aid of relative navigation, the right side of Eq. (27) is completely
known. The inertial angular velocity of the LOS vector in the chaser
body frame is then [30]

! cI � ‘Fb � _‘
Fb=�‘ 
 ‘� (28)

To illustrate a scalar version of Eq. (28), suppose the sensor boresight
is pointed exactly at the client satellite so that, in the sensor frame,
‘� �xs; 0; 0	T . Suppose further that the inertial relative velocity of

the target in the sensor frame is _‘� �vxs; vys; vzs	T . Equation (28)
then yields the inertial rate command for the chaser satellite in the
sensor frame as

! Fs

cI � �0; � vzs=xs; vys=xs	 (29)

Equation (29) indicates that,first, there is no rotational rate command
about the sensor’s xs axis, as expected, and, second, if the two
satellites get closer without reducing their relative velocity, the rate
commands will become larger, as one should expect. On the other
hand, a multipulse glideslope guidance, if employed, will
exponentially reduce both relative position and relative velocity
between the two satellites, resulting in containment of the rate
commands. This will be illustrated in Sec. V.

V. Steady-State Three-Axis Attitude Estimation
with Gyros and Star Trackers

Although the SIGI provides an estimate of the inertial attitude of
the chaser satellite in flight, a new steady-state three-axis attitude

estimator is presented here that facilitates the simulation of the
present study.Much has beenwritten on the attitude estimation in the
last few decades with varying degrees of detail and complexity; see
[27] for a recent attitude estimator based on theBortz equation. In this
section, however, we generalize a simple, constant-gain, steady-state
single-axis technique of gyro measurement update with star tracker
measurements developed in [31] to three-axis.

A. Attitude Measurements Using Gyros and Star Trackers

Following [31], the spacecraft attitude is measured with gyros at
an interval of 	 (5 ms, presently) at t� k	 (k� 1; 2; . . . ; n) and also
with a star tracker at an interval ofT � n	. The index k is reinitialized
to 0 when it is equal to n. The three-axis incremental angle ��

k
measured by the gyros during the interval tk�1 
 t 
 tk is

��
k
���k � 	bk � �k � qk (30)

where��k is the true change in the spacecraft attitude, bk is the drift
rate of the gyro, �

k
is a zero-mean noise in the measurement arising

from a 3 � 1 random-walk rate nv�t� and a 3 � 1 drift acceleration nu
(see [31]). The variance of �

k
is a 3 � 3 diagonal matrix for which

each element is �2� � �2v	 � �2u	3=3, where �2v (rad2=s) and �2u
(rad2=s3) are power spectral densities of the scalar elements of nv and
nu. The 3 � 1 vector q

k
in Eq. (30) is a quantization noise in the

measurement, noncumulative because each successive addition of
the angle ��

k
does not cause it to accumulate, unlike the noise �

k
.

The quantization noise is not white, but it is treated here as a readout
noise of power spectral density equal to �2e � q2=12, where q
denotes the angle per quantum signal of the gyro. In the sample
period tk�1 
 t 
 tk, the drift rate bk may change, and this change is
modeled in vector notations as

b k � bk�1 � �k �k � N�0; ��� (31)

where �kis a zero-mean discrete random-rate noise vector and the
variance of each of its element is [31] �2� � �2u	.

The estimate of the incremental angle ��k, denoted as ��̂k, is
obtained from the gyro output ��

k
as follows:

��̂k ���
k
� 	b̂k (32)

b̂ k � b̂k�1 (33)

where b̂k is the estimate of the drift rate bk, estimated with the aid of
the star tracker measurements. The inertial attitude of the spacecraft

is obtained recursively from ĈkI � Ĉk;k�1Ĉk�1;I, where, in terms of

��̂k and its antisymmetric matrix counterpart ��̂
�
k , the incremental

direction cosine matrix is

Ĉ k;k�1 � 1 ���̂
�
k � ���̂k��̂

T
k � k��̂kk21	=2 (34)

and 1 is a 3 � 3 identity matrix. Also, ĈkI is the estimate of the
spacecraft inertial attitude at t� tk relative to an inertial frame.When
k� n, a star tracker provides the spacecraft attitude, equal to Cn
st;I
relative to the inertial frame. This involves a 3 � 1 star tracker angle
noise vector �st; thus,

C n:st;I � �1 � ��st�CnI (35)

whereCnI is the true spacecraft attitude at k� n and t� tn. The three
elements of the zero-mean random Gaussian noise vector �st may be
all different, depending on the number of start trackers and their
orientations relative to the spacecraft axes. The low- and high-
frequency spatial noise in star tracker measurements is ignored here
[32,33].

B. Steady-State Gyro Updates Using Star Tracker Measurements

To formulate this update for a three-axis attitude estimator, wefirst
note the steady-state correction of the single-axis gyro-measured
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attitude with star tracker measurements at k� n, following [31]. Let
�̂n�

�
�̂0��� be the gyro-estimated spacecraft attitude just before the

star tracker measurement, and let �st be the spacecraft attitude

measured by the star tracker at that time. Then the estimate �̂0��� is
updated to �̂0���; thus,

�̂ 0��� � �̂0��� � �1 � 
�2���st � �̂0���	 (36)

where the parameter 
 is defined subsequently. Recall that the
subscriptn is replacedwith 0, and the star tracker update is performed
periodically at k� n with the period T � n	.

A three-axis equivalent of Eq. (36) is developed as follows.

Denote the gyro-estimated spacecraft attitude at k� n as Ĉn
gyro;I ,
where the subscript gyro distinguishes this attitude matrix from the
star-tracker-measured attitude matrixCn
st;I [Eq. (35)]. Analogous to

Eq. (35), Ĉn
gyro;I has an accumulated estimation error equal to �n
gyro
and, symbolically,

Ĉ n:gyro;I � �1 � �̂�n
gyro�CnI (37)

Because the true attitude CnI is unknown, the estimation error angle
�̂n
gyro is unknown also.

The three-axis equivalent of the small angle �st � �̂0��� in Eq. (36)
is

�st � �̂0��� , Cn
st;IĈI;n
gyro (38a)

� 1 � ��st � �̂n
gyro�� (38b)

�� 1���st=gyro (38c)

Because both Cn
st
I and Ĉn
gyro;I are known, the multiplication in
Eq. (38a) can be performed and the small angle error vector �̂st=gyro,
defined by Eqs. (38b) and (38c), can be calculated. The error angle
�̂st=gyro is a 3 � 1 relative error angle vector between the star tracker
measurements and the gyro-estimated attitude.

To incorporate the update factor 1 � 
�2 of Eq. (36) in the three-
axis attitude estimation technique, we recognize that the parameter 
,
defined subsequently by Eq. (45), depends on the star tracker
measurement noise for the axis at hand. Hence, each of the three
elements �st=gyro;� (�� x; y; z) of �st=gyro is corrected to
�1 � 
�2� ��st=gyro;�. To abbreviate the notations, introduce

� st=update�
�
�1 � 
�2x � �st=gyro;x
�1 � 
�2y � �st=gyro;y
�1 � 
�2z � �st=gyro;z

2
4

3
5 (39)

Then the following three-axis equivalent of Eq. (36) is written by
inspection:

Ĉ 0
gyro;I��� � �1 � ��st=update	Ĉn
gyro;I (40)

With regard to the gyro bias, the three-axis update of the bias vector

b̂n�
�
b̂0��� following the single-axis update [31] is

b̂ 0��� � b̂0��� �
Su;x�
xT��1�st=gyro;x
Su;y�
yT��1�st=gyro;y
Su;z�
zT��1�st=gyro;z

2
4

3
5 (41)

where the dimensionless parameter Su;� for �� �x; y; z� is defined
subsequently.

To compare gyro noise with the star tracker noise, [31] introduced
the following three dimensionless parameters for each axis of the
spacecraft.

Readout noise:

Se � �e=�st (42)

Random-walk noise:

Sv � T1=2�v=�st (43)

Drift angle:

Su � T3=2�u=�st (44)

The parameter 
 is defined in terms of the preceding three
dimensionless parameters:


� � � 1
4
Su � 1

2
�2�Su � S2v � 1

3
S2u�1=2 (45)

where

� � �1� S2e � 1
4
S2v � 1

48
S2u�1=2 � 1 (46)

The covariances of the attitude and the bias estimation errors and
their correlations are given in [31].

VI. Numerical Results and Discussion

To illustrate the preceding closed-loop inertial relative navigation,
attitude pointing and sight-line stabilization, and steady-state
Kalman filter for attitude estimation, we consider two spacecraft: an
active (chaser) spacecraft at an altitude of 500 km and a client
spacecraft 10 km above,�18 km ahead, and�8 km across the orbit
plane, the inclination angles of both orbits being 46 deg. The
difference between the ascending-node angles of the two orbits is
0.1 deg, and the two orbits are circular except for the J2 gravitational
effect. Because the two spacecraft are in almost the same orbit and
almost exactly circular, the inertial position and velocity of the client
spacecraft would be weakly observable, according to [4]. We
perform glideslope guidance of the active spacecraft from its current
position to 1 km behind and 1 km below the client spacecraft. The
noise sources considered in the simulation are gyros and star tracker
measurement noises, imaging-sensor noise, and GPS-based inertial
navigation errors of the active spacecraft. The overall guidance,
navigation, and control performance of the closed-loop system is
illustrated and discussed subsequently.

A. Attitude Estimation Errors Using Three-Axis Gyros and a Star

Tracker

Noise statistics of the gyros and the star tracker and the three
associated nondimensional parameters Se, Su, and Sv are as follows.
The gyro noise parameters are bias (drift rate) of 0:02 �rad=s, rate of
change of bias �u of 4:0e-12 rad=s3=2, random-walk rate �v of
0:75 �rad=s1=2, quantization as white noise �e (readout noise and

electronic noise) of 1:6 �5:4=
������
12
p
� �rad.

The star tracker noise �st parameters are focal-plane axis (1� per
axis), 35 �rad, and boresight axis (1�), 280 �rad.

The dimensionless parameters comparing gyro noise with star
tracker noise �st � 35 �rad are (with T or the star tracker
measurement interval) readout noise Se � �e=�ST � 0:05, drift rate
change parameter

Su � T3=2�u=�st �
�
10�7 for T � 1 s

6e�4 for T � 300 s

and the random walk parameter

Sv � T1=2�v=�st �

8<
:
0:02 for T � 1 s

0:37 for T � 300 s

1 for T � 2177 s ��36 min�

The corresponding steady-state attitude estimation error versus
star tracker measurement interval T is displayed in Fig. 8. The star
tracker boresight is on the negative x-axis side, tilted toward the
zenith by 15 deg. In the star tracker frame, the star tracker noise is
35 �rad about each focal-plane axis and 280 �rad about its
boresight, as stated earlier, but because of the tilt angle, the projection
of the star tracker noise about the spacecraft roll, pitch, and yaw axes
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is 280, 35, and 106 �rad. Because of the random walk of the gyros,
the steady-state attitude estimation errors of the gyros/star tracker
using the steady-state attitude Kalman filter grow with T. On the
lower end of T, toward 0.2 s, the standard deviation of the attitude
estimation error � ~� approaches the quantization noise �q � 1:6 �rad
of gyros, and the attitude estimation error � ~� before and after the star
tracker update are about the same because �st is much larger, the
minimum being 35 �rad about the pitch axis. On the upper end of T,
as T increases, � ~� rises toward the star tracker noise �st, dropping
some cyclically with each star tracker measurement update.
Regarding the selection of T, [32,33] recommend 6 s for low Earth
orbits, so that the low- and the high-frequency spatial noises in the
star trackermeasurements, notmodeled here, become negligible. For
more illustration on attitude estimation performance of the filter
presented here, see [14].

B. SIGI Navigation Errors of the Chaser Satellite

One record of the exponentially correlated position errors along
the instantaneous x-LVLH axis is illustrated in Fig. 9 for 1800 s. The
parameters of these errors were stated earlier: standard deviation of
the bias, �b � 5:1 m, time constant� 1=�b � 12:5 min, standard
deviation of the random error� 1:4 m, and time constant� 60 s.
The inertial velocity errors arewhite noisewith 0:03 m=s (1�). These
errors typify 50th-percentile accuracies of GPS inertial navigation
with a precision-positioning service [22]. The corresponding 3 � 3
Q

pos
and Q

vel
process noise matrices are used with zero cross-

correlation while propagating the 6 � 6 error covariance matrix P.

C. Imaging Sensor Noise

As distance r of the imaging sensor from the client satellite
decreases, the image size on the focal plane increases [9] and,
correspondingly, standard deviation of the measurement noise
increases. Specifically, the noise statistics for each axis of the focal
plane are 70 �rad for 7 
 r 
 10 km, 175 �rad for 3 
 r 
 7 km,
and 350 �rad for 1 
 r 
 3 km. It is instructive to compare these
with the attitude estimation error � ~� of the gyros and star tracker in
Fig. 8 for star tracker measurement updates at a 6 s interval: � ~� �
�8 �rad for the y and z axes (pitch and yaw axes) of the spacecraft
with a star tracker boresight along the x axis, antiparallel to the
imaging-sensor boresight. Clearly, 8 �rad attitude estimation error
is negligible compared with the lowest imaging-sensor noise of
70 �rad at long distances. For this reason, the gyros and star tracker
noises are not included in the simulation results. Furthermore, to
compare zero-mean imaging-sensor noise with the SIGI errors, the
angle noise converted to length is 0.7 m at 10 km, 1.225 m at 7 km,

and 1.05 m at 3 km. Apparently, these errors are about one-tenth of
theGPS inertial navigation errors in Fig. 9, but note that theGPS/INS
errors are biased by�6 m and have a zero-mean random error of 1m
standard deviation, about the same as that of the imaging sensor.
Note also that the imaging-sensor noise pertains to themeasurements
(the R matrix), whereas the GPS/INS errors pertain to the process
noise (the Q matrix).

D. Inertial Relative Navigation and Glideslope Guidance

In the presence of the GPS/INS errors and the imaging-sensor
noise just illustrated, Fig. 10 portrays a true glideslope trajectory of
the chaser satellite approaching the client satellite and the trajectory
estimate starting from the initial position (�18,�8, and 10 km) to the
final position (�1, 0, and 1 km) in the client satellite’s LVLH frame.
In the simulation, the spherical plus J2 gravitational acceleration is
modeled, and therefore the osculating LVLH frame is calculated at
10 Hz frequency. The LVLH frame is not used for navigation,
guidance, or control purposes; it is used only as a visual aid. The
initial relative position and velocity estimation errors of the client
satellite are 1, 0.5, and 0.5 km and 0.5, 0.5, and 0.5m/s, and the initial
error covariance matrix P (t� 0) is specified accordingly. The
measurement matrix R and the process noise matrix Q are specified

as explained earlier. The guidance pulses are at an interval of 60 s
starting from t� 60 s. Note that the initial position estimation error
(1, 0.5, and 0.5 km ) is much greater than the SIGI navigation errors
(Fig. 9) or imaging-sensor noise expressed in length (0.7m at 10 km).
For this reason, the relative position estimation error and the error
covariance matrix P decrease substantially with the first few 1 Hz
measurements of the imaging sensor, as can be inferred fromFigs. 10
and 11 near t� 0. The next major reduction in the estimation errors
and the error covariances occur with the first guidance pulse at
t� 60 s, as we observe in Fig. 11a. Subsequently, although y-
relative estimation error decreases steadily and becomes bounded by
the corresponding �

�������
Pyy

p
, the x and z errors and their velocity

counterparts in Fig. 11b struggle to do so. There are several possible
reasons: weak observability as stated earlier, biases in SIGI

Fig. 8 Roll, pitch, yaw attitude, and drift rate estimation errors before

and after star tracker updates versus the update interval.
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Fig. 9 GPS-based inertial navigation errors of the chaser satellite

position error along the x-LVLH axis.
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navigation errors, lack of range measurements, a constantly
precessing local LVLH frame due to the J2 effect, and the selectedQ
matrix with qscalar � 0:001 not being tuned enough.

The components of the true and the estimated relative positions
and velocities of the chaser from the client spacecraft are shown in
Figs. 12a and 12b. The exponential decrease of the relative position
to �1, 0, and 1 km in 1800 s is apparent. The relative velocity

components step up initially with the first guidance pulse at t� 60 s
to suitable values to follow the stipulated glideslope guidance, and
then they are brought discretely and exponentially to the low values
specified at 1800 swith 29 periodicfirings at each 60 s interval. These
components of the �v pulses every 60 s in the LVLH frame are
shown in Fig. 13, inwhichwe observe that thefirst pulse is the largest
and the subsequent pulses are much smaller.
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Fig. 11 Estimation errors in the client’s LVLH frame, compared with corresponding � standard deviation.
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E. Attitude Control and Stabilization of the Integrated Sensor’s Sight

Line

The inertial relative navigation and guidance performance just
discussed is realized with a PID attitude controller of bandwidth
0.064 Hz, equal to 360 times the orbital frequency, and sampling
frequency of 25 Hz (see Fig. 1). Reaction wheels are used as
actuators. Hablani [14] presents a detailed pointing-accuracy
analysis and performance of the controller. Here, to conserve space,
we limit the portrayal of performance to the focal-plane image
coordinates expressed as angles of rotation about the focal-plane y
and z axes. It is explained in Sec. IV that in the absence of all
measurement noises and navigation errors, the focal-plane image
angles are, in fact, equal to the attitude control error signals about the
y and z axes: that is, �ey and �ez components of �e in Fig. 1. In reality,
the attitude error signals and the actual focal-plane image angles
differ in some respects. Attitude error signal vector �e depends on the
attitude command estimates and the attitude estimates, which are
both affected by the navigation errors and the gyro/star tracker
noises, attenuated by the navigation Kalman filter and the attitude
Kalman filter. The image on the focal plane, in contrast, exhibits a
low-frequency motion because the focal plane (that is, its carrier, the
spacecraft bus) is controlled by a low-bandwidth (0.064 Hz,
corresponding to a period of 15.6 s) attitude controller. This
difference is seen in Fig. 14a, which depicts the two quantities for the
y axis with just the sensor noise. Whereas the image angle on the
focal plane about the y axis exhibits low-frequency, slightly growing,
oscillation, the attitude error signal at 25 Hz has high-frequency
contents with amplitudes less than the amplitudes of the image angle.
Figure 14b, on the other hand, shows the image angle and the attitude
error about the y axis under SIGI navigation errors. We observe that
the image angle (that is, the pointing error) is considerably larger than
the focal-plane-noise standard deviation per axis (70–350 �rad for
the 10–1 km relative range), which steps up as the range decreases.
Comparing the pointing accuracy in Fig. 14b with the pointing
accuracy in the absence of the SIGI navigation errors in Fig. 14a, we
conclude that the image motion is mostly caused by the zero-mean

SIGI noise, with rms� 0:5–1:0 m causing a 100 �rad rms image
motion at 10 km and a 1000 �rad rms at 1 km, agreeing with the
results seen in Fig. 14b. The bias position errors in the SIGI
navigation errors of the chaser (Fig. 9), similar to the gyro and star
tracker misalignments in [14], do not offset the image from the focal-
plane center.

Finally, Fig. 15 shows the root of the sumof squares (RSS) of the y
and z image angles and compares it with the RSS of the imaging-
sensor noise and the pointing-accuracy requirement for the laser
range finder to measure the relative range of the client satellite. For
the range less than 12 km, the pointing-accuracy requirement of the
laser range finder is met only occasionally and, when met, a relative
range measurement arises. In the current simulation, this range
measurement is not used in the EKF, however; otherwise, the focal-
plane pointing accuracy would improve further and enable
progressively more frequent range measurements.

VII. Conclusions

In this paper, a new sight-line-stabilized inertial relative
navigation system is presented for midrange (20–1 km) rendezvous
of an active chaser satellite with a passive client satellite. The chaser
satellite is stabilized to track the client satellite with an integrated
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Fig. 14 Elevation angle of the image on the focal plane (FP) and
attitude control (AC) y error.
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sensor ensemble consisting of an imaging sensor, a coboresighted
laser range finder, the space-integrated GPS/INS (SIGI), and a star
tracker. A new six-state continuous-discrete extended Kalman filter
is developed for inertial relative navigation of the client satellite. A
steady-state three-axis inertial attitude estimator is developed for the
chaser satellite. The numerical results illustrate that this ensemble
carries out a successful midrange rendezvous solely with the
azimuth- and elevation-angle measurements locating the client
satellite without range measurements. The relative position
estimation errors are not necessarily within their standard deviation
bounds, and in this respect, the relative navigation filter requires
further improvement. But this andMonteCarlo runsmust be deferred
to future studies. Nonetheless, the attitude controller maintains the
client satellite within the imaging-sensor track box amidst the SIGI
navigation errors and the client satellite’s location estimation errors
in the inertial frame. The pointing accuracy achieved with the
imaging sensor enables the coboresighted laser range finder, which
requires stringent pointing accuracy, to occasionally measure the
instantaneous range of the client satellite from the chaser satellite. If
used by the relative navigation Kalman filter, these range
measurements would improve the pointing accuracy further and
effect more frequent range measurements, resulting in more accurate
inertial relative navigation of the client satellite and guidance of the
chaser satellite.
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